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* Chapter 1 : Encoding & representation of numbers,
* Chapter 2 : Boolean algebra
* Chapter 3 : Combinational Circuits



Introduction

e Our written language is encoded using a system of 26 letters (in both
uppercase and lowercase), 10 digits, punctuation marks, and
mathematical symbols

 Thanks to this code and its associated rules, we can transmit
information, give instructions, and perform calculations.

* Although computers are called "artificial intelligence," they cannot
understand the outside world.



Introduction

* Their intelligence lies in their speed of execution and their ability to
work with combinations of two states (0 and 1), equivalent to (off and

on).

* The term “bit” means "binary digit". It is the smallest unit of
information that can be processed by a digital machine.

* This binary information can be physically represented by an electrical
or magnetic signal.



Introduction

* Encoding : involves creating a correspondence between :

e External representation of the information we use
and

* |lts internal representation within the machine, which consists of
a series of bits (0 and 1)



Numeral Systems

* A Numeral System is defined by a set of symbols (numbers or
letters) and writing rules for the positioning of these symbols.

* The most commonly used numeral system is the decimal system.
* Which consists of ten digits: 0,1, 2,3,4,5,6, 7, 8,9

* Numbers are represented as sequences of thses digits.

* with each digit holding a specific weight based on its position
within the number.



Numeral Systems

2,3,4,1,= 2*103+3*10%+4*10%+1*10°

abcd = a*10°+b*102+c*101+d*10°
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=(20),4

=16+4

(24), = 2*81+4*8°

Base 8
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Base 10 Base 8

(24), = 2*8'+4*8°=16+4 = (20),,

(a;a,3,39),9 = a3*10°+a,*10%+a,*10%+a,*10°

—_ *Q3 *Q2 Q1 *QO0
(a;2,a,3,)s = a,*8%+a,*8%+a, *8'+a,*8
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(a;a,2,3,),0 = 23*10°+a,*10%+a,*10'+a,*10°

—_ *Q3 Q2 Q1 * Q0
(a;2,2,3;); =a,*8%+a,*8%+a,*8'+a,*8

Bases

A numeral System with base B is defined by B symbols (numbers or letters)
Let N be a number of n digits represented in base B

N - an_lan_ZQQQQaioo.ao I ai < B
(All symbols are strictly less than B)
Whatever the base, the polynomial form of N is :

- ¥ pn-1 ¥ pn-2 ¥ Ri * RO
N_an_1 B +an_2 B oooo+ai Boooo+ao B




Binary System (Base 2)
-{0,1}

Octal System (Base 8)
-{0,1,2,3,4,5,6,7}

Hexadecimal System (Base 16)

9{()I 11213141 5) 6) 71819)AI BI CI DI EI F}




Base conversion : Base B> Base 10:

Just represent the number in its polynomial form and
calculate the sum of all the terms

Bases

A Numeral System with base B is defined by B symbols (numbers or letters)
Let N be a number of n digits represented in base B

N - an_lan_ZOQloaioooao I ai < B
(All symbols are strictly less than B)
Whatever the base, the polynomial form of N is :

- * Rn-1 * Rn-2 * Ri * RO
N_anll B +an!2 B ooo.+ai Boo..+ao B



Base conversion : Base B>Base 10:

Example :
B=2
N=(1111011), = 1%¥26 + 1%25 + 1%24 +1*23 + 0%22 + 1¥21 +1%20 = (123)

B=16
N = (7B), = (7*16% + 11*16°),,= 123



Base conversion : Base B>Base 10:

For decimal numbers, we will use negative exponents.

Example :
B =16
N =(7,B,,8,4,)6 = 7¥16 + 11*16° + 8*1671 + 4*162 = (123,515625),,



Base conversion : BaselO —>Base B:

To convert a number from base-10 to base-B we can use : the successive division,
We divide the number by B

1. We save the remainder then divide the quotient by B

2. And so on, until obtaining a zero quotient

3. The sequence of remainders corresponds to the number of the target base

4. The first remainder corresponds to the low weight (Less Significant Bit (LSB)) and the
last to the high weight (Most Significant Bit(MSB))




Base conversion : Base 10 = Base B:

Example : binary (base2) =» N=(58),, =2 (?77),

58 | 2

14

111010




Base conversion : Base 10 =>Base B:

Example : octal (base8) = N=(58),, = (??7?),

58 | 8

217 |8
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Base conversion : Base 10 =>Base B:

Example : hexadecimal (basel6) = N=(58),, 2 (?77?)

58 | 16

Al 3 |16

\37

3A




Base conversion : Base 10 2Base B (a decimal number):
Example : binary (base2) =»
N=(58,875),, = (??7?),

58,875,, = 111010,111,
58,,=111010, 0,875, = 2?2,

0,875 0,75 0,5
0,875,, = 111 : : 2




Base conversion : Base 10 > Base B:
Example : binary (base2) =»
N=(58,875),, > (???),

58,15625,, = 111010,00101,



Base conversion : Base B1 =>Base B2:

To move from a base B1 to a base B2 we need 2 operations :

1. We must first convert from base B1 to base 10
2. Then from base 10 to base B2

Example : Convert (3141). to base 16

(3141), = (421),,
(421),, = (1A5),¢

2 (3141), = (1A5),,




Base conversion :
Applications to the bases 2, 8 et 16

238

To convert a number from base 2 to base 8, we need to split this number into 3-bit groups
and replace each group with its octal value (starting from the right).

Base 2 Base 8

000

Example : Convert (1 011 010), to the base 8 010
(o1 011 010),=(132),
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Base conversion :
Applications to the bases 2, 8 et 16

2€8

To convert a number from base 8 to base 2, we just transcribe each digit of this number
into 3-bit binary (starting from low weight).

Base 2 Base 8

-
o
-

Example : Convert (645), to the base 2
(420), = ( 100 010 000),
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Base conversion : Applications to the bases 2, 8 et 16

2=>16

To convert a number from base 2 to base 16, you must split
the number into groups of 4 bits and replace each group with
its hexadecimal value (starting from the right).

Example :
Convert (101 1010), to the base 16
(0101 1010),=(5A)

Base 2

Base 16

RPRPRPRPRPRPRPRPRRPO0O000000
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Base conversion : Applications to the basics 2, 8 et 16

2€16

To convert a number from base 8 to base 2, we just
transcribe each digit of this number into 4 -bit binary
(starting from low weight).

Example : Convert (A15),, to base 2
(A15),,= (1010 0001 0101),

Base 2

Base 16

RPRPRPRPRPRPRPRPRRPO0O000000
RPRPRPRPOOOORREFPRPFRROO0O0O
RPRPOORFRLPOORRFROOREFOO0O
RPORFRPORORFRORFRPORORRORrO0O
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Base conversion : Applications to the bases 2, 8 et 16

8= 16

To convert a number from base 8 to base 16 or vice versa, we
can use base 10 but we can also use base 2

Base8 => base2 = baselb6

Basele => base2 - base8

Example : Convert (232), to the base 16
(232), = (010 011 010),=(0000 1001 1010),=(09 A)

Base 2

Base 16

RPRRRPRPRPERRPO0000000
RPRRPRPO000ORRRPRPO000
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Base conversion : Applications to the bases 2, 8 et 16

Decimal numbers

To convert decimal numbers, we separate the integer part
from the decimal part.

The integer part is processed as previously indicated.
The conversion of the decimal part is done from left to right.

Base 2

Base 16

(11101,010 11), = ( 011 101,010 110 ), = (35,26),
(11101,0101 1), = ( 0001 1101, 0101 1000 ), = (1D,58),,




Binary Arithmetic 1
(Examples of operations performed in binary)

Addition
11/1//1]/1
11101 29
+ 111 + 7

100100 36

0+0=0

O+1=1

1+0=1

1+1 = 10 =2,
1+1+1=11 =3,



Binary Arithmetic 1

(Examples of operations performed in binary) 1
Subtraction
0-0=0
0-1=
1 11101 27 1-0= 1

1-1= 0

- 1 11 -9

AEEE!



Binary Arithmetic

(Examples of operations performed in binary)

Multiplication

1

0*0 =
0*1=
1*0 =
1*1 =

11101 11101
* 111 11101
17101 1010111
11101 * 11101

11101 ** 11001011




Binary Arithmetic

(Examples of operations performed in binary)

Division

11101111

00001f 100

29

0*0 =
0*1=
1*0 =
1*1 =



Binary Arithmetic

(Examples of operations performed in binary)

Division

11000001
001000
00110

0011

101

100110

193

43

38

0*0 =
0*1=
1*0 =
1*1 =



Representation of relative integers

Relative integers are represented in binary in a fixed format

we cannhot compare two numbers with two different numbers of
bits : for example a 5-bit number with an 8-bit number

The most significant bit (MSB) represents the sign :
- itis equal to O if the number is positive,
- or 1if the number is negative,



Representation of relative integers

* Sign—magnitude representation, also called sigh-and-
maghnitude or sighed magnitude

 One's complement representation (C1)

 Two's complement representation (C2)

* Representing a floating point number in IEEE 754 format



Representation in Sign and magnitude

The most significant bit (MSB) represents the sign of the number (O for + and 1 for —)
The other bits represent the absolute value of the number.

X is represented in an n-bit format : -(2"1-1)<X<+(2"1-1)
000 =7=2"-1
Examples: Representation a number of an 8 bits
A=+25
OOOllOOl(MS) -(27-1)<X<+(27-1) -127<X<127
A=-25

100110015,



Representation in Sign and magnitude

The most significant bit (MSB) represents the sign of the number (0 for + and 1 for —)
The other bits represent the absolute value of the number.
X is represented in an n-bit format : -(2"1-1)<X<+(2"1-1)

Examples: Representation a number of an n=8 bits
B=+525=100000 1101,

525> 2%1-1=127

525

N’est pas possible,




1's complement representation (C1)

The one's complement of a number is obtained by (toggling)reversing all the bits.
The most significant bit represents the sign of the number (0 for + and 1 for —).
X represented in an n-bit format : -(2"1-1)<X<+(2"1-1)

Examples: Representation a number of an n=8 bits

A= 10011001
C1(A)= 01100110

A+C1(A)= 11111111+1 =0000000



2's complement representation (C2)

The 2's complement of a number is equal to the 1's complement (C1) plus 1
2's=1's+1,

X Let X be represented in two's complement of n bits : - (2™ )<X<+(2"1-1)

(-X)=2's (X)

Examples: Representation a number of an 8 bits
A = 25=00011001,,

C1(25)=11100110,,

C2(25)=11100110 +1 = 11100111 ,,

C2(25) = -25 (sur 8bit)



2's complement representation (C2)

Example of n=4:
F = [_24—1 , 24—1 -1 ]
E = [_817]

7=

0000 1111+1 =0000
0001 1110+1=1111
0010 1101+1 =1110
0011 1100+1=1101
0100

0101

0110

0111 1000+1 =1001

1111

1110=>» 0001+1
= 0010

-0= C2(0) = 0000
1= C2(1) = 1111
-2=C2(2) = 1110
-3=C2(3) = 1101
-4=C2(4) = 1100
5= C2(5) = 1011
-6= C2(6) = 1010
-7= C2(7)= 1001
-8= C2(8)= 1000



2's complement representation (C2)

Let A and B be 2 numbers represented in C2 of 8 bits, find their decimal values.
Represent in C2 :

A =53

A =00110101,= 00110101,

A=-53
A =-53 = C2(53) = C2(00110101) = C1(00110101)+1
= 11001010+1 = 11001011,

Compute the C2 :

A=13
C2(A) = C2(13) = C1(00001101) +1 = 11110010+1 = 11110011 = -13



Arithmetic operations in 2's complement

In this representation the subtraction must be treated as an addition. For arithmetic
operations we must apply the following rule:

V(AB)EE si X=A+B alors X € E

Examples of arithmetic operations withn=4 (E=[-8,+7]) :

Addition
> 0101
+ 1 t 0001



Arithmetic operations in 2's complement

In this representation the subtraction must be treated as an addition. For arithmetic
operations we must apply the following rule:

V(AB)EE si X=A+B alors X € E

Examples of arithmetic operations withn=4 (E=[-8,+7]) :

Addition
-/ 1001
+ -4 T 1100



Arithmetic operations in 2's complement

In this representation the subtraction must be treated as an addition. For arithmetic
operations we must apply the following rule:

V(AB)E E si X=A+B alors X € E

Examples of arithmetic operations withn=4 (E=[-8,+7]) :

Substraction
i T 1101

+2 (+2) = 20010



Treatment of overflow for an addition:

- If the two operands have the same sign and the result has the same sign as the
operands, there is no overflow.

» 0001 +0101= 0110~ 1+5=6

» 1111+ 1011 =21010 <& -1-5=-6

- If the two operands have the same sign and the result has the opposite sign then
there is an overflow.

» 0101+0100=1001 <> 5+4=-7

- If the two operands have opposite signs, there is never an overflow
» 1110+0111=30101 < -2+7=5



Treatment of overflow for an addition:

Note :

- Do not confuse these two expressions. :

1. « Represent Xin C2 format » : is equivalent to writing X in C2
2. «Give the C2 of X » is equivalent to writing the opposite of X

Ex:X=35
Represent 35 in C2 of 8bits
35 =00100011 ,,

Represent -35 in C2 of 8bits
-35 =C2(35)=C1(00100011)+1=11011101

Compute/give the C2 of 35
C2(35) = -35 = C1(00100011)+1 = 11011101



BCD code

The BCD code, Binary Coded Decimal, is a code that only applies to base 10 digits.
Each decimal digit is represented directly by its binary value in a 4-bit format.

BCD code table

DEC = BCD

0 =>» 0000
1 =>» 0001

2=>
3=>
4 =>
5=>
6=>
7=>
8 =>
9=>

0010
0011
0100
0101
0110
0111
1000
1001

Example :
(987 ),,=(1001 1000 0111 )ycp

(13),, = (0001 0011 )uep



Addition in BCD

Binaire

0 =» 0000
1 = 0001
2 =» 0010
3= 0011
4 =» 0100
5= 0101
6=> 0110
7= 0111
8 = 1000
9=> 1001

10=»1010

11=>»1011

12=»1100

13=>»1101

14=»1110

15=>»1111

16=» 10000

BCD

0000 €

0001 €
0010 €
0011 €
0100 €
0101 €
0110 €
0111 €
1000 €
1001 €
0001 0000€10
0001 0001€11
0001 0010€12
0001 0011€13
0001 0100€14
0001 0101€15
0001 0110€16

OooNOYTULLT DS WDN - O



Addition in BCD

If the sum of 2 digits coded in BCD is less than or equal to 9 (1001) then we do nothing
otherwise we add 6 (0110) to correct it and we retain 1.

Example: Compute the addition A+ B in BCD:
A =183,,=( 000110000011 )gcp B=375,,=(00110111 0101 ),y
111

0001 1000 0011

0011 0111 0101

11
0101 1111 1000
0110

0101 0101 1000




Addition in BCD

0110

If the sum of 2 digits coded in BCD is less than or equal to 9 (1001) then we do nothing

otherwise we add 6 (0110) to correct it and we retain 1.

Example 2
4 0000 0100
+3 0000 0011

Example 3




GRAY code

Gray code is a binary code that allows you to go from an integer number N to the next
number (N+1) by changing a single digit (bit). (It is also called Reflective Code). This code
will be used mainly in Karnaugh Tables to simplify Boolean functions.

0000 0 11 22
1 12 23
2 13 24
3 14 25
4 15 26
5 16 27
6 17 28
7 18 29
8 19 30
9 20 31

10 21 32



GRAY code

Gray code is a binary code that allows you to go from an integer number N to the next
number (N+1) by changing a single digit (bit). (It is also called Reflective Code). This code
will be used mainly in Karnaugh Tables to simplify Boolean functions.

0000 0 1110 11 11101 22
0001 1 1010 12 11100 23
0011 2 1011 13 10100 24
0010 3 1001 14 10101 25
0110 4 1000 15 10111 26
0111 5 11000 16 10110 27
0101 6 11001 17 10010 28
0100 7 11011 18 10011 29
1100 8 11010 19 10001 30
1101 9 11110 20 10000 31
1111 10 11111 21 110000 32



Compute the next number (successor):

To compute the next number of a gray number (successor):
if the number of 1s is even, the least significant bit must be inverted,
if the number of 1s is odd, you must reverse the digit located to the left of the rightmost 1.

Example 1 : 32 =110000

Example 2 : X=1011101010




Conversion from binary code to Gray code

Let X=B, B, _;..... B, a number represented in binary
To convert X into Gray code you must follow the following rules :

Example:forn=4  X=10001 in binary X=( 9 Daray

1 0 0 0 1
B4 B3 B2 B1 BO

1 1 0 01
G4 G3 G2 G1 GO




Conversion from Gray code to binary code

Let X=G, G, ;.....G, represented in Gray code
To convert X to binary you must follow the following rules:

Bn =Gn
B.=0siB,,=G;
B.=1siB,;<>G,

Example:forn=4 X =10101 in Gray code X=( 11001 ),

1 0 10 1
G4 G3G2G1GO
1 1 0 01
B4 B3 B2 B1 BO




vV V VYV VYV V V VY

Numeral systems (B2,B88, B16,B810...)

Sign—magnitude representation

One's complement representation (C1)

Two's complement representation (C2)

BCD Code

Gray Code

Representing a floating point number in |IEEE 754 format




Representation of a floating point number in IEEE 754 format

Format (32 bits)
Sign bit (1 bit)
Exponent (8 bits)
Mantissa (23 bits)

Let X a real number written in base 2,

In order to present X in floating point format, the point must be shifted so that there is
only one 1 in the integer part and we increase the exponent at each shift.

Then we get a number in the following format:

+1,M*2¢

XZ
M is the mantissa, e is the exponent, S is the sign (0 if X>0 1 if X<0)




Representation of a floating point number in IEEE 754 format

X, = + 1,M*2¢

M is the mantissa, e is the exponent, S is the sign (0 if X>0 1 if X<0)

The mantissa is the decimal part of X (23 bits)

The 1 before the decimal point is not coded in the computer and it is called a hidden bit
The exponent e is represented by its real value (e) plus 127,,,

The obtained value is the characteristic (c) (8 bits)

c=e+127,,




Representation of a floating point number in IEEE 754 format

Example: Representation of X, = 7,625
Convert to base 2
X2=111,101

Shift the decimal point to obtain only one “1” in the entire part
X2=1,11101 * 22
M=11101000000000000000000

e=2

c=2+127=129,,=10000001

Sign=0

The representation of X in floating point is :

O 10000001 11101000000000000000000
X=40F40000 (Condensed form in hexadecimal)




Representation of a floating point number in IEEE 754 format

Let X a number represented in floating point on 32 bits, to find the corresponding value, It
must be divided as follows :

- One bit for sign,
- 8 Bits for characteristic
- 23 bits for the mantissa.

We directly deduce the sign and the decimal part then we compute the exponent (e).
If the sign bit = 0 then X>0 else X <0

Decimal part = Mantissa

Integer part =1

e=c—127



Converting a number X represented in floating point to decimal :

Example : Compute the decimal value of X

X=C1E90000
X=1 10000011 1101001000000000000000OC

Mantissa=11010010000000000000000
c=10000011=131,,

e=131-127

e=4

X,=-1,1101001* 24=-11101,001

X10=-29,125



Converting a number X represented in floating point to decimal :

Remarque:

There is also a double precision format that allows a much larger set of numbers to be
represented with greater precision.

In this case we have the following representation:

Format (64 bits)
sign bit (1 bit)
Exponent (11 bits)
Mantissa (52 bits)



Adding two |IEEE floating point numbers (32 bits)

To do the addition of two floating point numbers, they must have the same exponent.
LetA=40D90000etB=3E9A0000in floating point IEEE
Perform the operation: A+ B

A=0 100000011 0110010000000000000000
c=10000001=129,,=>e=129-127 =>e =2
M=10110010000000000000000

So A=1,1011001*2?

B=0 01111101 00110100000000000000000
c=01111101=125,,=>e=125-127=>e=-2

M=0 01101000 0000000000O0CO0O0O

So B=1,001101%*27



Adding two |IEEE floating point numbers (32 bits)

We put B at the same exponent as A by moving the decimal point 4 places to the left.
B=0,0001001101 * 22
Wedo:A+B

A=1,1011001000 * 22
B=0,0001001101*22

C=1,1100010101 *22

We replace the result in the form IEEE
0 10000001 11000101010000000000000

A+B=40E2A000




Adding two |IEEE floating point numbers (32 bits)

Remarque
If the integer part of the result is greater than 1, we shift the decimal point one place to

the left and increase the exponent by 1 :
For example

if A+ B=10,11001101 * 22=>A+B=1,011001101 * 23



Codification and representation Alphanumeric



Codification and representation Alphanumeric : ASCIl code

Le code ASCII
Definition of ASCIl code : American Standard Code For Information Interchange,
Is a computer coding standard developed in the 1960s.

This code defines 128 characters represented on 7bits (8 bits in computer).



This table is presented in a condensed form, based on base 16.
Each character is found at the intersection of a row and a column.

The line number followed by the column number represents the character code in
hexadecimal.

0 | NUL|SOH | STX | ETX | EOT |ENQ |JACK/BEL| BS |HT|LF| VT | FF J CR | SO | Sl

1l | DLE |DC1 | DC2 | DC3 | DC4 | NAK |SYN|ETB| CAN [EM |SUB| ESC | FS | GS | RS | US

2 (sp| V| " g s % & ()Yl Lm0/
3| 0| 1| 2|3 | 4|5 |6|7| 8|69 sl <= > | 2
4| @ B|C|D|E|F|G|H|1|J|K|LIM]|N]|O

7 p|l g ]| r | s | t | u|jviw| x |ylz|{ || 113}~ |DEL




Example :

The letter M is found at the intersection of line 4 and column D
its code is 4D in hexadecimal.

Its representation is therefore : 0100 1101 en code ASCI|

0 | NUL|SOH| STX | ETX | EOT |ENQ |JACK|BEL| BS |HT|LF| VT | FF | CR | SO | Sl

1l | DLE | DC1 | DC2 | DC3 | DC4 | NAK|SYNIETB| CAN [EM SUB| ESC | FS | GS | RS | US

2 | sp | ! " # S | % | & || (|)|*]| + , - /
3/ 0| 1| 2| 3| 4|5 |6|7]| 8|09 : <l =151 2
4| @ B | c|D|EI|F|g|HI|1|J|K|LIMINI|O

-~ =, ~ ™ - + T “r AT w Y, - J | 1 | ™~ vE|




Codification and representation Alphanumeric : ASCII code

Control characters :

We can consider that ASCII has around thirty control characters.
The usual characters are NUL, LF, CR, DEL et ESC
» NUL : indicates the end of a String, particularly in the C language.
» LF et CR : indicate the end of a line.
» We use LF, CR or both depending on the operating system :

¢ Linux use LF,
* Mac OS use CR
** Windows use CR followed by LF.
» ESC indicates the output of a text.

» DEL indicates character delete.

& o

1)

¢ o

0 1 2 3 4 S | 6|7 8 9 A| B C D E F
0 | NUL|SOH| STX | ETX | EOT |ENQ |ACK|BEL] BS |HT|LF| VT | FF | CR | SO | Sl
1 | DLE | DC1 | DC2 | DC3 | DC4 | NAK |SYN|ETB| CAN [EM |SUB| ESC | FS | GS | RS | US
S I . . R PR B N .




Codification and representation Alphanumeric : ASCII code

o | 1|2 |3 | 4|5 |6|7| 8 |9|A|B|c|D]|E/|F
0 | NUL|[SOH| STX | ETX | EOT |ENQ |ACK|BEL| BS |HT|LF| VT | FF ] CR | SO | s
1 | DLE | DC1|DC2 | DC3 | DC4 | NAK [SYN|ETB| CAN [EM|SUB| ESC | FS | GS | RS | US
2 | SP| V| " # | S| % & (])|*|+ ]|, - /
3| 0| 1| 2|3 | 4|5 1|6|7| 8169 sl <= > 2
A m A =] r N E E (= H | | W | hA Ml N

Example : In a text editor or in an input field, type without releasing the alt key + the character
code in decimal :

(30),¢ = (48);, > '0"  (41), = (65);0 > 'A" (61),c=(97);0>'a" (20);c=(32),, > "'

(4D)1s=(77)1o =2 'M" (3F);c=(63), =2 '?" (45)=(69),, =>



Codification and representation Alphanumeric : ASCIl code

Exercise N°7:
1/ En code ASCII (41),, correspond to 'A" and (30),, correspond to '0', without using the
ASCIl code table deduce the coding of the following message : STRM1

2/ Decode the following message:
57454C434F4D4520494E20434F4D505554420552534349454E4345



Codification and representation Alphanumeric : ASCIl code

Exercise N°9: ( a faire comme un exemple en cours)
1/ En code ASCII

(41),, 2 'A

(61),, = '@

(30),, = 'O,

(2D)c =2 -

Sans |'utilisation de la table du code ASCII déduire le codage du message suivant :
STRM



Codification and representation Alphanumeric : ASCIl code

0 1 2 3 4 5 6 | 7 8 9  A| B C D E F
NUL|SOH | STX | ETX | EOT |[ENQ |JACK|BEL| BS |HT|LF| VT | FF |} CR | SO | SI
DLE | DC1 | DC2 | DC3 | DC4 | NAK |SYN|ETB| CAN |[EM|SUB| ESC | FS J GS | RS | US
SP| V| "l # S| % (&[] () L] - /

0 1 2 3 4 5 6 | 7 8 9 ; < = > ?
@ A B C D E F| G H I J K L M N o

P Q R S T u (V|W| X Y | Z | \ ] A _

a b c d e | f|g| h i | k I m n 0

p q r s t u | v i w| x |y|z| { | } ~ | DEL

Exercise N°9:

2/ Décoder le message suivant :




Codification and representation Alphanumeric : UNICODE code

UNICODE code

Unicode is a coding standard developed in the 1990s;
It defines more than 60000 characters from several languages, coded on 16 bits.
ASCIl code is included in Unicode.

The ASCII code is only based on Anglo-Saxon letters; we do not find the accented letters
of the French language such as a or é for example.
These letters can be found in the following UNICODE table :



Codification and representation Alphanumeric : UNICODE code

0 1 2 3 4 5 6 7 8 9 A B C | D |E| FE
008 | PAD |HOP|BPH|NBH|IND | NEL| SSA | ESA | HTS| HTJ | VTS| PLD | PLU| RI [SS2| SS3
009 | DCS |PU1l|PU2| STS |CCH| MW | SPA|EPA |SOS| SGCI| sci| cSI | ST |OSC [PM| APC

SHY | _

00A | NBSP| | ¢ £ | H | ¥ ! § © a « - ® | -
00B ° t 2 3 ‘ w |9 J 1 0 » | % | % | % | ¢
ooc | A A|A| A | A | A|E£| ¢ | E E E | E | [T ] 0
00D ) N O | 6| 6| 6| 06 X @ U U 0 U Y | p| R
00E | 3 | & |3 | & |a|a|=|¢ | e| &|efe|v]i i
OO0F d n o o o o o = @ u u u U Yy b y




wla o |2 ]D .3 M D] v |2 |V [aw| = F
w [ ] « o] ¥ BH1H| ) Yoo | N | 5| 4 ) Amﬁ_v
) " ol H hold | » +] o ﬁ &) | a7 ) @
= [] agy
© |- I hed Bl Bl - |3 = [ w2 o9 oY
m|a -~ |alY 3|3 3 |aw | K| | e
| Hlalw 9| [~ A F|J]|o]= .Y
o [ % | :» w9 K e | a] a [+ | Y] Re T IR T
w | M Hlrjla =K< |9l ||| 2| %
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Chapter 2 :

Boolean algebra



Boolean algebra

Introduction
The computer is composed of logic circuits.

The fundamental component of these circuits is the transistor, we have two states 0 and 1
0 = Blocked 1= Conductor

The input variables are those that can be directly manipulated.
They are independent logical variables.

Sortie

Op

Entrée

The output variable contains the state of the function after the evaluation of logical operators on the input
variables.

To implement these circuits and determine the input variables and output variables, we will use :

Boolean algebra



Boolean algebra

Terminology
» Sum(OR)
» Product (AND)

s=a+b/s=aorb
s=a*b/s=aandb

» In addition to this, there is a unary application:
» Complementation (NOT) S/ not(s)




Boolean algebra

Terminology
» Sum(OR) s=a+b/s=aorb
» Product (AND) s=a*b/s=aandb

» In addition to this, there is a unary application:

» Complementation (NOT) S/ not(s)

s=a.b s=a+b

a+b

== (SO W
=D = | DT
=D (DD
= | OO |
= o= O |m
I =

i

|

=S| I

':'|—"'m|




Boolean algebra

Theorems and postulates of Boolean algebra

A Boolean Algebra consists of a set E ={0,1} and Internal binary
operation (AND), (OR), (NOT) :

Properties of Boolean Algebra
1- Commutativity
a+b=Db+a
a.b=b.a
2- Associativity
a+(b+c)=(a+b)+c
a.(b.c)=(a.b).c



Boolean algebra

Properties of Boolean Algebra
3- Distributivity
a.(b+c)=a.b+a.c
a+(b.c)=(a+b).(a+c)

4- Neutral element

a+0=a

a.l=a

5- Inverse element

a+a =1

a.a =0




Boolean algebra

Deduced Properties
1- Idempotence
a+a=a

a.a=a

2- Absorbent element
a+l=1

a.0=0

3- Simplified common expressions
at+a.b=a
a.(a+b)=a
a+tab=a+b




Boolean algebra

NAND and NOR operators : truth tables

s=a.b s=a+b
alb | a.b al|b [a+hb
0] 0 1 0|0 1
011 1 0|1 0
1|0 1 1 |0 0
111 0 1|1 0




Boolean algebra

The exclusive OR (XOR) and its complement

s=a®b
s=1sia#h
s=0sia=b

atbb=a.b +a

a®b

a.b +a.

b

b

Truth table
3 b ab |a®b
0 0 0 1
0 1 1 0
1 0 1 0
1 1 0 1




Boolean algebra

Boolean expressions
Logical functions and normal forms

We call "min term" of n variables, one of the products of these n variables or
their complements.

Example: abc, abtc etabc
are "min terms" of a function of 3 variables a, b, and c




Boolean algebra

Boolean expressions
Logical functions and normal forms

We call "max term" of n variables, one of the sums of these
n variables or their complements.

Example : (a+b+c), (+b+0) et (a+b+c)
are "max terms" of a function of 3 variables a, b, and ¢



Boolean algebra

First normal form or disjunctive form

A function is in disjunctive form(1%t normal form) if it is
represented by a sum of min terms (sum of products-SOP)

Example :

F(a,b,c)=abc+abc +abc




Boolean algebra

Second normal form or conjunctive form

A function is in conjunctive form(2"¥ normal form) if it is
represented by a product of max terms (product of sums- POS)

Example :

F(a,b,c)=(a+b+c) (@a+b+T)(a+b+c)

Note :
We can go from one form to another using the distributivity




Boolean algebra

DE M ORGAN’S LaW (To check using a truth table)

a+b=3a.b
a.b=a+ b

N O O o O

0 0 1 1 0
0 1 1 0 1 0
1 0 0 1 1 0
1 1 0 0 1 1

o K = =




Boolean algebra

Complement of a function
VF a Boolean Function 3 GsuchasG=F

To compute F we have to use De Morgan's Laws

Example : F(a,b,C)=aT)C+z-_1bE+abc

F_(a,b,c)=ch+§bE +abc

?(a,b,c)=aT)c “abe ™ abe
F(a,b,c)=(a+b+7T) (a+b+c)(a+b+7)

We note that in order to find F just invert each variable and each operator




Boolean algebra
Logic circuits

A logic circuit is a set of interconnected logic gates corresponding to
an algebraic expression

logic gates (corresponding to a logical operator) :

") ) A —>0—

Y=A+B Y=A.B Y=A

OR gate AND Gate Not Gate




Boolean algebra

Logic circuits

Derived gates :

NOR Gate

NAND Gate XOR Gate

NXOR Gate




Boolean algebra

Logic circuits

Logic circuit corresponding to the algebraic expression :
S=A.B+B.C

™ >

AB

D\ﬂ\é; S

s
c—Dw{ B.C




Boolean algebra

Truth table of a function

The Truth Table of a function consists of finding its values for each
combination of variables.




Boolean algebra

Truth table of a function

Let the function :

F(A,B,C)=ABC+ABC+AB

F(A, B, C) = 1siundesestermesestégalal

ABC=1 si A=0 B=1et(C=1 FO11)=1

ABC=1 si A=1 B=0 etC=0 F100)=1

AB-=1 si A=let B=1 F(110)=1 et F(111)=1




Boolean algebra

La Table de Verite de F est :

A B C F Pour tirer I'expression d'une fonction a partir d’'une Table de

Verite on fait la somme des min termesou F=1

F(A,B,C)=ABC+ABC+ ABC+ABC

F (A, B, C) est obtenu en faisant la somme des min termes ou F=0

| = =R O O O O

0
0
0
1 F(A,B,C)=ABC+ABC+ AB
1
0
1
1

O 0
0 1
1 0
1 1
O 0
0 1
1 0
1 1




Boolean algebra

La Table de Verite de F est :

A B C F Pour tirer 'expression d’une fonction a partir d'une Table de

0O 00 0 L . . ‘
Verite on fait la somme des min termesou F=1

0 0 1 0 B o B

— = F(A,B,C)=ABC+ABC+ ABC+ABC

0 On retrouve la forme conjonctive de cette fonction a partirde F. F (A, B, C) = F (A, B, C)

1 F(ABC=(A+B)(A+B+C)(A+B+C)

1 0 1 0 _ _ _ _
F(A,B,C)=ABC+ABC+ ABC+ABC

1 10 1 N

1 1 1 1 F(A,B,C)=AB+ ABC+ABC




Boolean algebra

Simplification of Boolean functions: :

1- Algebraic simplification

To algebraically simplify a Boolean function, we use the properties of

Boolean algebra :
Commutativity, Associativity, Distributivity ...




Boolean algebra

Example :

F(a,b,c)=abc+abt+abc+abc+abc+abc
F(a,b,c)=bc(@a+a)+bc(a+a)+ab(c+c)
F(a,b,c)=bc+bT<T+ab

F(a,b,c)=b (c+c)+ab

F(a,b,c)=b+ab (b+a)b+b)

F(a,b,c) =b +a




Boolean algebra

2-Simplification by the Karnaugh-Map (K-Map)

A Karnaugh-Map is a 2-dimensional truth table.

The numbering of rows and columns is done according to The gray
code,

We move from a row to the next by changing one bit
and from a column to the next by also changing one bit.




Boolean algebra nn-n—

Simplification by the Karnaugh-Map (K-Map)

F(ABCD)=ABCD+ABCD+ABCD + ABCD +ABCD

Each cell represents a combination.

If we take a cell in a Karnaugh-Map, all the cells adjacent to it have
only one bit that changes

so only one variable changes

R R R R R R R =R O 0O O 0O 0O 0O o o
= R R R O O O O R R Rm = O O O
P B O O B B O O B B O O KRB B O
= O B O B O B O B O R O kR O =k




Boolean algebra "Als lc ol F
0 0

Simplification by the Karnaugh-Map (K-Map) g g —— ‘1’

— —— _ — _ _ _ 0 0 1 0 1

F(AT S T T T T "D 9 0 1 1 0

AB 00 01 11 10 —— T

Each c @0, 3 1 ¢1J (1) 1
00 0 0 0 0

If we t el o e ) ‘_.anve (1) (1) (1) ; g

onlvo g1 * 1 1 | O 1 1 0 o 1 1

so onl' '_"-d-"_ = ° Nt =- 1 0 1 0 0

11 0 0 0 0 S I I N

_____ . 1 1 0 0 0

— 1 c : 1 1 0 1 0

F(a,b,c,d) = acd + acd + bcd ———




Boolean algebra ab 00 01 11
cd ,
prm AL
00 ,0 0 .0
o e e ==
1 1 1 0

11 ,0 0 10,

. — - — - — - — - — - — -

F(a,b,c,d)=¢d + ab + cd + ac
F = F(a,b,c,d) =¢d + ab + cd + ac
F(a,b,c,d) = F = (c+d)(a + b)(¢ + d)(a + ¢c)




Incomplete function (Incomplete Karnaugh-Map)

We say that a function is incompletely defined if it is
not defined at all its points.

In this case the points where it is not defined will take
the value X.

When simplifying the function using the Karnaugh-Map,
if a cell containing X is adjacent to a cell containing 1,
we can give the value 1 to this X in order to simplify the
function.

= = = = =R = O O O O O O O O

R R B B O O O O R R B B O O O O

B B O O R B O O R B O O B B O O

r O B O B O B O B O B O KR O kB O

X X X X X X B O O B B O O +»r = O



agh-Ntap)— |
T

— Al

b- - 60.

flete function (ThCo_mprétE Karna
a1

d

Incompi

cd

00

01

11

10



Incomplete function(lnc  ab 00 01 11 10
cd ,

00 0 0 X 0
01 ;1 1 X=1 1,

11 0 0 X X

10 r1 1 X=1 X=1

F(a,b,c,d) = \cd + c\d



Incomplete function(lnc  ab 00 01 11 10 |

10 0 SRR | X |

F(a,b,c,d) = ac + \bd + b\c\d



Boolean algebra

Using NAND Gates jﬁ

To create the circuit of a function using NAND gates, the function
must be in disjunctive form (15t Normal form or SOP), then just apply
the complement twice and use Morgan's laws.

F(ABC)=ABC+AB+BC




Boolean algebra

Using NAND Gates

/B =/(BB) = /(B+B)

F(ABC)=ABC+AB+BC

F(ABC)=ABC+AB+BC = ABC.AB.BC

b

C

—_————

B*B=B




Boolean algebra

Using NOR Gates j)j

To create the circuit of a function using NOR gates, the function must
be in conjunctive form (2" Normal form or POS), then just apply the
complement twice and use Morgan's laws.

G(ABC)=(A+B) (A +C)




Boolean algebra

Using NOR Gates

G(ABC)=(A+B)(A+C)

G(ABC)=(A+B)(A+C) =(A+B)+(A+C)

allb|lc

D\&

DS




Chapter 3 :

Combinational circuits



The adder

Half Adder Circuit
The one-bit Half Adder is a circuit that allows to add 2 binary digits without

input carry

When we add 2 binary digits A and B we obtain the sum S and a carry R.

A + B = S(sum) and R(carry)




The adder

Full Adder Circuit

The One-Bit Full Adder is a circuit that allows to sum 2 binary

digits with input carry.

When we sum 2 binary numbers, we work by column.

We sum the numbers (2 by 2) according to their weights (from

right to left).

At the end of each addition we obtain a sum and an output

carry.

This carry will be added to the sum of the next row and will

become an output carry




The adder

Full Adder Circuit

There is never an intput carry on the first column (least

significant bit(LSB)).

For this row we need a half adder.

For all other columns we need full adders.

1
l
l

|
|
Cs :(,:‘\25 Cq
| \ i
Az Ay A1 Ag
R
Bs | Bz} B, Bp
—
S3 :52:‘\51 So
: :‘\
R3 :Rz: Rj_ Rﬂ
|

r—
l
l



The adder R(a,b,c) = ab + bc + ac

0 0 0 0 0
C., ) 0o o0 1 1 0
0 o M1V o 11 —— T
- - l = o0 1 1 0 1
1 .1l 0 1 0
amm m ¢ 1 O O 1 O
1 0 1 0 1
S(a,b,c) = /a/bc + /ab/c + abc + a/b/c 1 1 0 0 1
1 1 1 1 1

S(a,b,c) = /a(/bc + b/c) + a(bc + /b/c)

S(a,b,c) = /a(b xor c) + a(b xor c) =a xor b xor c



The adder

ab 00 01 11 10

0
c , 0 O 1 0
0 1 1 0 1 0 0
o0 1 1 0 1
1 1 1
1 0 0 1 0
1 0 1 0 1
S=abc + abc + abc + abc + ab + abc 1 1 0 0 1
_ _ 1 1 1 1 1
S=a(bc + b¢) + a(bc + be)
S= a(b &c) +a(b€Bc)
S=a @b Dc rfl B
s il W




a®b=3.b+a.b

The adder -
ab 00 01 11 10 -n-“y

c ., 0 © 1 0

0 0 1 0 0

0 1 1 0 1

1 1 0 © 1 0

1 0 1 0 1

1 1 0 0 1

1 1 1 1 1




The adder

BN
0 0 0 0

ab 00 01 11 10 0
c ., - 0 0 1 0
0 Il! 0 1 © 0
i P R 0o 1 1 0 1

1 I.l _“]J-L 1_ 1 0 0 1 0
— 1 0 1 0 1

R =AB+ AC + BC 1 1 0 0 1
1 1 1 1 1



The adder

S=a ®b B¢

R =AB+ AC + BC

)

D_ R

LH

L‘)U




The adder

Functional circuits

A functional circuit is a component named by the function it represents.

It has the inputs and outputs of that function.

C
Demi Additionneur
A — S A
Additionneur Complet
B — B —

| |

R R




4-bit Adder circuit

To create a 4-bit adder, we must connect 4 one-bit adders: a half adder and three full adders.

The connection is made by the carry "C, =R, ;"

This circuit adds two numbers :

A3 A2 A1 A0
et B3 B2 B1 B0
The result is : $3S2 S1S0

and the final carryis: R3




4-bit Adder circuit

To create a 4-bit adder, we must connect 4 one-bit adders:

a half adder and three full adders.

The connection is made by the carry "C,=R. ;"

This circuit adds two numbers :

A3 A2 A1 A0
et B3 B2 B1B0
The result is : $3S2 S1S0

and the final carry is: R3

Ci

A, —| Additionneur
B, Complet

R1
Ao ——| Demi
By ——| Additionneur

Ro




4-bit Adder circuit

. GG G C
The R. is the output carry 2o

A; A, A, A
The C. is the input carry o

+ Bg Bz B1 Bo
G =Ri;

Il
W
w

S2 1 So
A,+B,+C, =S, and Carry R, (C, =R;)

R3 Rz Ri Ro
A,+B,+C, =S, and Carry R, (C,=R,)



4-bit Adder circuit

To create a 4-bit adder, we must connect 4 one-bit adders:

a half adder and three full adders.

The connection is made by the carry "C,=R. ;"

This circuit adds two numbers :

A3 A2 A1 A0
et B3 B2 B1 B0
The result is : $3S2 S1S0

and the final carry is: R3

Ao ——| Demi —— So
B, ——| Additionneur
Ro
C1
A, — Additionneur S,
B, Complet
R1
C2
A, Additionneur S,
B, | Complet
R2
Cs
Additionneur
Ay S5

Complet




The decoder (DEC)

A decoder is a combinational circuit which has n inputs and 2n outputs of which
only one is equal to 1

The following example represents a 2x4 decoder

/a/b
A Dec /ab c
c ~
B 2x4 a/b
ab




The decoder (DEC)

A decoder is a combinational circuit which has n inputs and 2n outputs of which

only one is equal to 1

The following example represents a 2x4 decoder

a b
o —,\1' 5|:|=-EEI
Do |/
S;=ab
d Dec D
— S;=ab
2x4 po—r~ )
b — Ss=ab
|




The decoder (DEC)
3x8 decoder

Dec
3x8

/a/b/c
/a/bc
/ab/c
/abc
a/b/c
a/bc
Ab/c
abc



The decoder (DEC)
3x8 decoder using 2x4

Dec

A C 2x4
>0

B Dec

C 2x4

/a/b/c
/a/bc
/ab/c

/abc

a/b/c
a/bc

Ab/c
abc

al —

C=0 —

Dec
3x8




The decoder (DEC)

4x16 decoder using 3x8

d

Dec
C 7 3x8

Dec
C 7 3x8

The DEC 4x16 will have a b c d as inputs

We will use 2 DEC which have b ¢ d as common inputs
and 16 2x8 outputs

a is used to enable one decoder at a time

Vi=a and V2 =a

Si a =0 then V1 =1 the first DEC will be active
Sia=1then V2 =1 the second DEC will be active

So only one output among the 16 will be equal to 1
(That of validated DEC)




4x16 DEC using 2x4 DEC

The DEC 4x16 will have a b c d as inputs

We will use 4 DEC of 2x4 which have ¢ d as common inputs and 16

4x4 outputs.

Dec
2x4

Dec
2x4

Dec
2x4

We will use also 1 DEC of 2x4 which have a b as input.

the outputs of this DEC will be connected to the validators of the

other DECs (4 previous DECs).

Dec
2x4

Dec
2x4




Realize a function of n variables using a DEC p x 2P

1) p=n
Each decoder output corresponds to a min term. We will make the logical sum (OR) of all the
decoder outputs corresponding to the min terms for which the function is equal to 1

Example:n=3etP =3
S(a,b,c) = abc + abc + abc |

EEEAAEE a |— —
0 0 0

Dec
S
 — e

S N = W — T — T =
N - = =)
SO < N = WY < N = S < S SN
©C O R O R O O R




Realize a function of n variables using a DEC p x 2P

2) p<n
P variables will be the decoder inputs. The remaining (n-p) variables will be outside the

decoder. The function will be formed by the combination of the decoder outputs and
external variables.

Example:p=3etP=2 -
F(abc) =abc + abc + abc 2

b—— DEC 2x4 | bc @7 F
C bc




Realize a function of n variables using a DEC p x 2P

Example2:n=4etp=2

F(a,b,c,d) = abcd + abd + ac

If we put a and b outside the DEC, the entries of the DEC 2 X 4 will be c and d.

c and d are inseparable, It is therefore necessary to make ¢ and d appear in each term.

a b

3l
o

DEC 2X 4

cd




Realize a function of n variables using a DEC p x 2P

Exemple2:n=4EtP=2
F(a,b,c,d) = abcd + abd + ac

Flabc)= abcd+abd(c+¢c)+ac(d+d)

F(abc)= abcd+abcd+abtcd + acd +acd .

DEC 2X 4

Flabc)=cd(ab+ab)+cd(ab+ a) +acd :

LY

F(abc)=cd (@a®b) + cd(a+b) + acd

"l._.‘,._.l"

2]
o




Realize a function of n variables using a DEC p x 2P

Flabc)=cd (a®b) + cd(a+b) + acd

DEC 2X4

ol
=

"I._T_.-"

a

b

acd

) >—

(a+b)cd

D
D

cd

:: (a® b) cd




Realize a function of n variables using a DEC p x 2P

Example3:n=4etp=2
If a term does not contain ¢ and d. We only use external variables.
For example : F(a,b,c,d) = ab + bed + ac

The first term (a b) does not contain c and d, so we leave it.
The second term (a c) contains ¢ but not d so we transform it:

ac =ac(d +d)

F(a,b,c,d) = ab + bed + acd + acd




Realize a function of n variables using a DEC p x 2P

F@abcd)=ab+bcd+/ac

DEC 2X4 _

cd o

Y
TP
|




The Multiplexer (MUX)

A multiplexer is a combinational circuit that has 2n inputs, one output and n
selection lines.
The following example represents a 4x1 multiplexe

n Siab=00 S=e¢,
Siab=01 S=e,
a b Siab=10 S=e,
Siab=11 S=e,
EQ ~~~~~~~
:N el Mux NNNNN | S
e, 4x1
€;




Realize a MUX 16x1(2x1) using a MUX 8x1(23x1)

The MUX 16x1 should have 16 inputs, one
output and 4 selection lines a b c d.

We use 2 MUX 8x1. each MUX has one
output and 3 common selection lines b ¢ d
and a 2x1 MUX which has as selection line a

Ifa=0thenS=S1
Ifa=1thenS=S2

Mux
16x1

Mux
2x1

b cd
Mux | [s1

8x1

b c d

MuXx
S2

8x1




Realize a function of n variables using a MUX 2Px1

1/p=n

Each MUX entry represents a value of the function
Example:n=3etP=3

F(a,b,c) = abc+ abc+abc

1]

4| Bl C| F
0

0

=R = =m0 O O O
SN = I — I S S -
_ O R O R O R
©C O R O R O O R




Realize a function of n variables using a MUX 2Px1

P<n

Example:N=4etp=2

F(abcd) = ad + bd + cd + abc c d
We take c d as selection linesand a b | |
remain outside a b —
0 cd
= a+b
F(abcd) = ad(c+/c) + bd(c+/c) + cd + = od
o ) ) Mux
abc(d+ cd
F(abed) = acd + aéd + bed + bad + cd + a:\/ 4x1
abcd + abcé 1 cd

F = cd(a+b+1+ab) + cd(a+b) + cd(ab)
F =cd + cd(a+b) + cd (ab)



